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ON COINCIDENCES OF MORIN AND FIRST ORDER
THOM-BOARDMAN SINGULAR LOCI

ANDRAS CSEPAI, ANDRAS SZUCS, AND TAMAS TERPAI

ABSTRACT. It is well-known that the Thom polynomial in Stiefel-Whitney classes expressing
the cohomology class dual to the locus of the cusp singularity for codimension-k maps and
that of the corank-2 singularity for codimension-(k — 1) maps coincide. The aim of the present
paper is to find out whether there is any geometric explanation to this seemingly mysterious
coincidence. We thank Laszl6 Fehér for posing us this interesting question that we answer here
in the positive, and motivated by it we search for further similar coincidences of the loci of the
corank-r and Morin singular points, but found such only for special classes of maps. Finally
we compute the cohomology classes dual to the singularity strata for any Morin map. (This
result—for holomorphic maps—was presented by Kazarian but the proof was left unpublished.)

1. INTRODUCTION

The present paper investigates the relation and possible coincidence up to homology or cobor-
dism (or other equivalences) of certain singular loci for smooth (real C>°) maps, and the geometric
reasons behind such relations. More concretely, we will study the loci of the singularities ! (k)
and Y7 (1) where X!+ is short for X119 with r digits 1 and the arguments in parentheses denote
the codimensions of the maps under consideration. The main motivation for this is the following;:

Question. Classical computations show that the (real, modulo 2) Thom polynomials of the sin-
gularities ¥'2 (k) and X2 (k — 1) coincide, they are both the polynomial w,%H + wrwgo. Is there
a geometric explanation for this coincidence?

This question was posed by L. Fehér and one purpose of this paper is to answer it to the
affirmative (see theorem 1 and corollary 1). It also motivated us to investigate the relation of
the loci of the singularities X' (k) and X"(k — r + 1) for any r for special types of maps (see
Theorems 2, 3 and Corollaries 2, 3). This is related to the problem of computing the Thom
polynomials of the singularities X1~ (k) for general Morin maps (see theorem 4) which was also
studied by Kazarian [Ka]. Before stating our results mentioned above, let us briefly introduce
the objects that appear in their formulations.

A central problem in global singularity theory is, for a given singularity type 1 of smooth
map germs, to understand the singular locus n(f) C M of maps f: M — N, that is, the points
where the singularity of f is 7. A classical result of Thom [Th56] is that there is an element
Tp,ky € Zo[wi,wa,...] = H*(BO;Zs), called now the Thom polynomial, such that for any
generic smooth map f: M — N of codimension k, the Poincaré dual of the closure 7j(f) of the
n-locus of f is obtained by substituting the Stiefel-Whitney classes of the stable normal bundle
vy = f*T'N ©TM in the variables of Tp, ;). In some cases (characterised by Vassiliev [Va88])
the Thom polynomial of n(k) also has an oriented analogue Tp,sza) in the ring H*(BSO;Z) giving
the dual of 7j(f) in integral cohomology. Note that H*(BSO;Z) is of the form Z[p1, p2,...]®im
where the summand im 3 is isomorphic to the image of the Steenrod operation Sq'; for any
element w;, ... w;, €im Sq1 we will denote by v;, . ;. the corresponding element in im 3.
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Our goal will be to understand geometrically the coincidences of Thom polynomials for maps of
different codimensions. This presents a problem which we overcome by introducing the following
notion.

Definition 1. For a smooth map f: M — N, an (I-tuple) de-suspension of f is a generic
perturbation f: M x Rl — N of the composition f o pry, (i.e. a generic map close to it in
the space of smooth maps) where pr,,;: M x R — M is the projection to M, such that the
submanifold M x {0} is transverse to the singular strata of f. (Note that the de-suspension of
a map is not unique, but it is unique homotopically.)

Our main results will geometrically relate X'7-loci of maps with X"-loci of their de-suspensions
for three special types of maps defined as follows.

Definition 2. A generic map f: M — N is said to be a Morin map if dimker df, (the corank
of its differential) is at most 1 for all p € M. The Morin map f will be called
(1) a cusp map if it only has singularities of types X!* with r < 2, i.e. all of its singular
points belong to the fold (3'°) or the cusp (X%9) locus,
(2) a prim map if the kernel line bundle ker df over the set 3(f) of singular points is trivial,
(3) a twisted prim map if there is a line bundle £ over M such that the kernel bundle ker df
is the restriction £|sf).

Remark. The name “prim” is a shortening of projected immersion. It is not hard to see
that prim maps are precisely the hyperplane projections of immersions, that is, a generic map
f+ M — N is prim precisely if there is an immersion j: M % N X R such that f is the compo-
sition pry oj; see e.g. [Sz91]. Such a j will be called an immersion lift of f.

The paper is organised as follows: in section 2 we state our main results; in section 3 we define
the notions of singularities and Thom polynomials used throughout the paper and recall their
basic properties; in section 4 we prove theorems 1, 2, 3, 4 and corollaries 1, 2, 3 below; and
finally in section 5 we pose open problems related to the topic. We also included an appendix
containing tedious but crucial computations needed for the proof of theorem 1.

2. FORMULATION OF THE RESULTS
Relating the loci of the singularity types $'2(k) and %2(k — 1) we have:

Theorem 1. If f: M"™ — N""* s a cusp map where M is closed and k > 1 and f: M xR — N
is a de-suspension of f, then the submanifolds 2 (f) and 22(f) N M x {0} of M are cobordant
as embedded submanifolds in M. This cobordism is oriented if M and N are oriented and the
codimension k is odd.

We note here that the perturbation f of the map f o pr » that we construct in the proof of
theorem 1 will be such that the submanifolds X12(f) and 32(f) N M x {0} actually coincide.
From this theorem we deduce:

Corollary 1. We have

Tpsia )y = P2 (e—1)
and if k is odd, then we also have

SO SO

Tp212(k) = TpEQ(k—l)'
Remark. The first equation in corollary 1 is, as noted before, well-known. The second equation
is apparently not so widely known, but it also simply follows from known results: using the
formulae in [Ro71] and [Sz00] (see also [Ro]) we get Tp%?z(k) =Pprt1 + Vg 2 = Tp%(z)(k_l) for k
odd. Note that if k is even, then these singular loci do not represent integral cohomology classes
in general, hence then the Thom polynomials Tp%%(k) and Tpg(z)(k_l) are not defined.
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As corollary 1 shows, theorem 1 gives a geometric reason for the coincidence of the Thom
polynomials of the singularities $'2 (k) and X2 (k—1) through the embedded cobordism of singular
loci. We will now consider two special classes of maps for which analogous relations hold for the
loci of the singularities X! (k) and X" (k — r + 1) for any r. We also note in advance that these
singular loci represent integral cohomology classes for general maps only when k is odd and r is
even.

Theorem 2. If f: M" — N"** is a prim map where M is closed and k > r — 1 and

f: M xR = N is a de-suspension of f, then the submanifolds ilr(f) and X7 (f) N M x {0}
of M are cobordant as embedded submanifolds in M. This cobordism is oriented if M and N are
oriented and the codimension k is odd.

This yields equations of Thom polynomials similar to the ones in corollary 1 evaluated for
k-codimensional prim maps.

Corollary 2. If f: M™ — N™t* is a prim map where M is closed, then for any r we have

Tosiir () (f) = Togrh—ry1)(f) = wrr1(vg)"

and if M and N are oriented and k is odd and r is even, then we also have
Tp%?v-(k)(f) = Tp%(’”)(kfvdrl)(f) =DPrepr (Vf)%~

To explain the second term in both equations above, note that although a k-codimensional
prim map cannot have X" (k — r 4+ 1)-singularities, it still makes sense to substitute the charac-
teristic classes of its stable normal bundle into the variables of the abstract Thom polynomials
of X"k —r+1).

Remark. The first formula in corollary 2 is in essence not new: the classical Giambelli-Thom-—
Porteous formula implies that the leading term of Tpyr(y_,41) s wyy, and all other terms
contain a factor w; with [ > k + 1; the same is proved for Tpy, 4 in [Ri01]" and since for a
codimension-k prim map f the Stiefel-Whitney classes w;(vf) vanish for [ > k+1, the statement
follows.

Theorem 2 and corollary 2 can, in a weaker form, be extended from prim maps to the more
general class of twisted prim maps.

Theorem 3. If f: M" — Ntk s q twisted prim map where M is closed and k > r — 1 and
f: M xR"~Y = N is a de-suspension of f, further, M and N are oriented, k is odd and r is

even, then the homology classes 2[§1T(f)] and 2[57(f) N M x {0}] in H,(M;7Z) coincide.

Corollary 3. If f: M™ — N"** is a twisted prim map where M is closed, M and N are
oriented and k is odd and r is even, then we have

2TDSY, (1) () = 2TP52 o1y ()

Finally, related to the connection of the Thom polynomials of the singularities ¥!* and X",
we give a formula computing the Thom polynomials of all singularities 3! restricted to Morin
maps.

Remark. The Thom polynomial Tpy;, () is not known in general, it has been computed for
a general k only if r is at most 6; see [BSz12]. In contrast, the Thom polynomial Tpsr(xy is

classically known for all k and r, it is determined by the Giambelli-Thom—Porteous formula; see
e.g. [Po71].

Most papers on Thom polynomials consider them in the holomorphic setting but a classical result of Borel
and Haefliger [BH61] implies that the smooth setting (with Zo coefficients) is straightforward from that.
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Theorem 4. If f: M™ — N"t* is a Morin map, then we have

(whr (v7)? + wr (v wrsa(vp)) if ris even
szlr(k)(f) = 9 >t o
Wi (vf) (Wi (v5)? + wp(vp)wira(vy)) 7, if ris odd

and if M and N are oriented and k is odd and r is even, then we also have

T80, 4y (1) = (pegs 0o0) + visa )

Remark. The first formula in theorem 4 follows from a result of Kazarian [Ka] where this
Thom polynomial was computed for holomorphic Morin maps. Our proof of it is the same as
Kazarian’s, but we will still repeat it since it fits with the techniques of the present paper
and although Kazarian’s formula was published in [Ka06], to our knowledge its proof remained
unpublished.

3. SINGULARITIES AND THOM POLYNOMIALS

Throughout the paper we consider singular loci of generic smooth maps of non-negative codi-
mension. The notions of singularity and genericity are defined in various ways depending on
context, in the present paper “singularity” will always mean Thom—Boardman singularity which
we define in the following (see also [Bo67]) together with our definition of the notion of genericity.

Definition 3. For any map f: M™ — N"**¥ and number r we define X7(f) C M to be the
set of points p € M where the corank of the differential of f (i.e. dimkerdf,) is r; the set
of singular points of f is X(f) := X1(f) U...UX"(f). The subset X" (f) is the preimage un-
der the 1-jet extension jlf: M — JY(M, N) of the subset X"(M,N) C J' (M, N) of 1-jets of
corank 7 which is a submanifold of this jet bundle. Now if j! f is transverse to the submanifold
Y"(M,N), then the subset ¥"(f) C M is a manifold, hence we can consider for any s < r
the subset X™*(f) := X°(f|sr(y)) which is the preimage under the 2-jet extension j?f of the
correspondingly defined submanifold ¥7*(M, N) C J?(M, N). Iterating this process yields for
any weakly decreasing sequence S of non-negative integers the submanifold ¥%(f) C M called a
Thom-Boardman stratum of f; this stratum is again the jl5! f-preimage of the Thom-Boardman
stratum L5 (M, N) C JISI(M, N). We call the map f generic if its jet extensions are transverse
to all Thom-Boardman strata in the corresponding jet bundles. The points in ¥%(f) are called
the X% -points of f and ¥°(f) is also called the ¥-locus of f; this classification of singular points
for all maps f: M™ — N™* where n is arbitrary and k is fixed defines the Thom-Boardman
singularity type (k).

Remark. As seen above, we denote by (k) a singularity type 1 considered for maps of fixed
codimension k, on the other hand we denote by n(f) the n-locus of a map f. Although this
makes the notations ambiguous, it should not be confusing.

Remark. If S is a decreasing sequence, then for a map f: M — N and a point p € M the
local germ of f at p determines whether p is a 3°-point or not, but the germs of f at different
points of ¥%(f) may be different up to local coordinate change. However, Morin’s classical result
[Mo65] shows that if f: M™ — N™** is a Morin map (i.e. if ©(f) = 3'(f)), then the germs of f
at two points of M are the same in some local coordinate systems precisely if they belong to the
same Thom-Boardman singularity ! (k); this singularity is often denoted by A,.(k) and also
called a Morin singularity. Thus the Morin singularities are locally well understood, however,
this is not the case for their global structure.

As noted in the introduction, for a singularity n(k) the Thom polynomial Tp,, ) describes
the closure of the n-locus of any generic k-codimensional map f: M — N up to (co)homology.
We note here that generally the closure 7j(f) C M is not a submanifold, however, it is in two
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special cases that are important in this paper: firstly if f is a Morin map, then the closure of
Llr(f) = BhobO0(f) (with 7 digits 1) is 311 (f) (again with 7 digits 1) which is a submanifold;
secondly if X" T1(f) is empty, then X7 (f) is a closed submanifold.

Modern approaches for constructing the Thom polynomial Tp,  are due to Kazarian [Ka01]
and Rimdanyi [Ri01], we now briefly recall the construction of it based on [Ka01]. Consider the infi-
nite jet bundle J§° (!, vi4x) over BO(I+k) where [ is any sufficiently large integer, £ is the trivial
I-plane bundle and ;4 is the universal (I + k)-plane bundle; the jet bundle J§° (g, ~;41) has as
fibre the space J§°(R!, R"**) of polynomial maps with 0 constant term. Here we can consider
subspaces K (R!,RI*T*) C J§°(R!, R*F) invariant under the O(I + k)-action induced by the one
on R!** and such that the suspension of polynomial maps J§°(R!, RIFK) — Joo(RIFL RIFEFL)
defined by p — p x idg maps K(R!, R**) to K(R!FTL RIFEHL): these subspaces yield a se-
quence of subbundles K (¢!, y1%) C J§(¢!,711k). In the cases we are interested in, the subspace
n(RY,RFF) € Jgo(R!, RF) consisting of polynomials whose germ at 0 has degeneracy type 7
has the above properties which defines the subbundles (e, v, 1) C J§° (!, vk ). Moreover, for
each [ there is a cohomology class dual to the closure of 1(g!,7;,%) denoted by

(e, yian)] € H*(JG° (), min)s Z2) = H* (BO(L + k); Zo)
and the natural inclusion BO(l + k) C BO(I + k + 1) is such that the restriction
H*(BO( + k + 1); Zo) — H*(BO(I + k); Zo)
maps [7(e", 1)) to [ vier)]-

Definition 4. The Thom polynomial of the singularity n(k) is defined as the cohomology class
Tp, k) € H*(BO;Zs) = Zs[wy, wa,...] that is the limit of the classes

(e, v4r)] € H*(BO(L + k); Zs)
as [ tends to oo.

For any map f: M™ — N™** the stable normal bundle vy is induced from BO by a map that
we will (with a slight abuse of notation) also denote by v;: M — BO. This map factors through
amap vy(l): M — BO(l + k) where [ is sufficiently large. Now the degeneracy locus n(f) is the
preimage of the subbundle v¢(1)*n(e',vi4x) C r(1)*J5 (!, vi4x) under the section defined by
the jets of the germs of f, hence the Poincaré dual of 7(f) is v TP, ) which is the same as the
polynomial obtained by substituting w;(vy) in the variable w; of Tp, 4, for all i.

Definition 5. For a map f: M — N, substituting the Stiefel-Whitney class w;(v¢) in the
variable w; of Tp,, for all ¢ will be called the evaluation of the Thom polynomial on f and
denoted by Tp,)(f)

Remark. This definition allows us to evaluate Thom polynomials of k-codimensional singu-
larities on non-k-codimensional maps too (this is used in corollaries 2 and 3) but if the map
f above is of codimension k, then the evaluation Tpn(k)( f) is the cohomology class dual to
[M(f)] € Ho(M;Zs). If the map f has codimension different from k, then one can consider an
appropriate de-suspension (or suspension) f of f that has codimension k, and th~en the evalu-

ation Tp, ) (f) gives the dual cohomology class of the closure of the n-locus 9(f) N M if this
intersection if transversal.

In the following we restrict ourselves to maps every singularity of which belongs to a fixed set
of singularities 7. Such a map will be called a 7-map. Then we can consider Thom polynomials
modulo 7, that is, Thom polynomials restricted to 7-maps (see e.g. [Ri01]) defined as follows.

Definition 6. For any [ let K, (I) C J5°(e', vi4x) be the union of the subsets 7(g’,y4) for all
n(k) € 7 and let K, be the direct limit of the spaces K, (I) as I tends to oco. The space K. is
called the Kazarian space of the singularity set 7 and the pullback of Tp,my € H *(BO;Zs) by
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the map K, — BO induced by the fibre maps K, (I) — BO(l+k) is called the Thom polynomial
of n(k) for T-maps and denoted by Tp, |- € H*(K7;Z2).

If f: M™ — N"** is a 7-map, then the map v;: M — BO inducing the stable normal bundle
vy factors through a map ky: M — K, as shown in the diagram below, hence then we have

Tp,y k) (f) = Tyl - (f) for all n(k) € 7.

KT Tpn(k) |T
a S
M T BO Tpn(k)(f) <T* TPy

Example.
(1) If 7 consists of all possible singularities of codimension-k maps, we get K, = BO and
Toy(kylant = TPy sy
(2) For 7 = {X°(k), 2" (k)} we get Kiiorin; computing the evaluation of Tps, () on every
Morin map (theorem 4) is the same as computing Tpys, (x) [Morin-
(3) For 7 = {X9(k), 210(k), 21 19(k)} we get Keusp-

The Thom polynomials Tp, ) (and TP,y k) |-) considered so far give the classes represented by
closures of 7-loci in cohomology with Zy coefficients. However, if the locus 7j(f) C M is cooriented
for amap f: M — N, then it also makes sense to talk about the cohomology class represented by
it in H*(M;Z). In many cases there are general conditions on singularities (k) which guarantee
that the n-locus of any k-codimensional map is cooriented (see [Ri00]), but generally this is not
sufficient for the existence of an analogue of the Thom polynomial Tp, ) (and Tp,,|-) with
7 coeflicients; in fact a necessary and sufficient condition for the existence of an integral Thom
polynomial for n(k) is that it is a cocycle in Vassiliev’s cochain complex which is generated
by cooriented singularities; see [Va88] (see also [Ka97]). If the integral Thom polynomial of
n(k) exists, then it is an element in the cohomology ring H*(BO;Z) which is isomorphic to
Z[p1,p2,...] @ im [ where p; denotes the ¢’th universal Pontryagin class and S is the Bockstein
map corresponding to the coefficient sequence 0 — Z — Z — Zs — 0 (see [MS74, problem 15-
C]). The restriction of the modulo 2 reduction homomorphism is an isomorphism im 8 — im Sq*
under which each element w;, ... w;. € im Sq1 corresponds to an element v;, ;. € im 3. We
note in particular that for ¢ odd we have Sql(wiwiﬂ) = wW;W;+2, hence there is an element v; ;42
in im f.

Since the existence of integral Thom polynomials is hard to decide in general (see [FRO2]
for such computations) and the topic of the present paper is far from these techniques, we only
state here the two cases we need and where this existence is easy to see. First note that since
we consider here maps between oriented manifolds, the construction of Kazarian spaces can be
repeated with BSO replacing BO; the oriented analogue of K, will be denoted K5, in other
words, K5 is the pullback of K, by the double cover BSO — BO. (Note that the properties of
the cohomology ring of BO recalled above also hold for that of BSO.)

Definition 7. If the singularity 7(k) is a cocycle in the restricted Vassiliev complex that is
generated only by the cooriented singularities of oriented maps belonging to 7, then there is a
corresponding cohomology class in the ring H*(K39;Z) called the integral Thom polynomial of
n(k) for T-maps and denoted by Tpi(%) |

Integral Thom polynomials are analogous to Thom polynomials in Zs-cohomology. Namely for
any 7-map f: M"™ — N"t* between oriented manifolds, if (k) € 7 satisfies the condition of the
above definition, then the Poincaré dual of the closure 7j(f) in H*(M;Z) is the class /ﬂ}Tp,Sl?kﬂT
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which is obtained by substituting p;(vy) and v;,
Thom polynomial respectively.

The first case in which we will consider integral Thom polynomials is that of Morin maps
f: M™ — N"t% where M and N are oriented and k is odd; in this case the only possible
singular loci are the X!v(f) and among them the cooriented ones are precisely those where
r is even (see [Ri00]). This means that in the Vassiliev complex for only odd codimensional
Morin maps between oriented manifolds, all differentials vanish, hence 37 (k) admits a Thom
polynomial Tp%?r(k) |Morin in this case.

i, (v¢) in the variables p; and v;, ;. of this

----- r

Secondly we consider generic maps f: M™ — N™*! where M and N are oriented; in this case
the Thom-Boardman stratum X" (f) is cooriented precisely if I is even (see [Ri00]) and then
[Ro71] shows that the Thom polynomial Tpg(r)(l) of X7 (1) exists precisely if r is also even. (Note
that in the cases we are interested in we have [ = k — r + 1 and so if r is even, then k is odd
precisely if [ is even.)

4. PROOFS

Proof of Theorem 1. For any map f: M™ — N"*F the composition fopry,: M xR — N
(which is not a generic map) is such that we have X2(f o pr,,) N M x {0} = Si(f). Our aim
is to show that in the case when f is a cusp map, any generic perturbation of this composition
for which the submanifold M x {0} is transverse to the singular strata is such that its 2-
locus intersected with M x {0} is cobordant to the ¥'2-locus of f. Below we construct a map
f: M xR — N such that we will have X2(f) N M x {0} = S'2(f) (not just up to cobordism)
where f is a perturbation of f o pry, but it is (in general) not generic. However, the 1-jet
jUf: M xR — JY(M x R,N) will be transverse to the subspace X2(M x R, N) of 1-jets of
corank 2. This is sufficient to prove our statement since both being a ¥?-map (i.e. having no
singularities of type ) and having a 1-jet extension transverse to L2(M x R, N) are open
conditions, hence any generic perturbation f of f opr,, is homotopic to f through X2-maps
whose 1-jets are transverse to L2(M x R, N). Now if we also suppose transverse intersection
of the singular strata with M x {0} (and with M x {0} x [0,1] for the homotopy), we obtain
that 32(f) N M x {0} is cobordant to ¥2(f) N M x {0} as submanifolds of M which is what we
claimed.

For any section o of the vector bundle f*T'N over M we can perturb the map f o pr,; by o
by mapping the point (p,t) € M x R to the point expy (to(p)) where expy is the exponential
map of N corresponding to a Riemannian metric; this may only be well-defined on a small
neighbourhood of M x {0} but that can be identified with M x R. The map given by this
formula will be denoted f,: M x R — N. Observe that here 2(f,) N M x {0} is the zero locus
o~ 1(0) intersected with X(f), hence our goal is now to find a section o: M — f*TN for which
o~ 1(0) N X(f) is precisely '2(f). We also note that generally the map f, is not finite-to-one,
thus not generic.

Porteous [Po71] showed that for any map f there is a second intrinsic derivative

d%f: kerdf ® ker df — coker df

of f given by the usual second derivative in the direction of the subspace kerdf < T'M, and its
value is well-defined modulo the subspace imdf < f*T'N, i.e. it is independent of the choice of
local coordinates. Now ker df|ss) is a line bundle and so its tensor square is trivial, hence the
second derivative d?f |s(f) defines a section of the bundle coker df|s;y) which we identify with
the orthogonal complement of im df |5;(y) using a Riemannian metric. This gives us a section of
the restriction of f*T'N to X(f). Since the second derivative vanishes precisely at 3'2(f), so
does this section, hence if we denote by o an arbitrary extension of it to the whole M, we can
define f as f,.
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It is left for us to show that the 1-jet j!f is transverse to ¥2(M x R, N). This is done by
writing the map f in local coordinates around the points of ¥!2(f) x {0} (i.e. writing up the
normal form of cusp singularity; see [Mo65]), computing from it the map f in these coordinates,
then proving that the derivative R"*! — Hom(R"+!, R"**) of this local map is transverse to
Y2(R™H1 R™F), A way of this is showing that at each Y2-point its derivative projected to the
normal space of £2(R"+! R"*F) is surjective using that the normal space of £2(R"+! R"*F) at
a point p: R™1 — R™"** is Hom(ker ¢, coker ) (see [Ro72]). This computation is lengthy but
straightforward and so we omit the details here but the interested reader can find them in the
appendix. This concludes the proof. [

Proof of Theorem 2. We will prove the following:

Theorem 2°. If f: M™ — N"t* is a prim map where M is closed, k > r — 1 and N is of
the form QtF=m+1 x P=1 such that the composition g = prgof is generic and the pullback
bundle f*prp TP is trivial, then the submanifolds ih(f) C M and X7(g9) C M are cobordant
as embedded submanifolds of M. This cobordism is oriented if M and N are oriented and the
codimension k is odd.

This implies Theorem 2 since if f: M — N is any prim map and f M xRt = N is its
de-suspension as in theorem 2 (we may also assume f |rrx {0y = f), then we can use Theorem 2’
for maps

fiMxT 'S NxT™' and §:MxT~'—= N,

where 771 is the (r — 1)-torus, f is a perturbation of f x idpr-1 and ¢ is pry of such that on a
small neighbourhood of M x {0} the maps § and f coincide. We can indeed apply Theorem 2’
for f and ¢ since f is a prim map and 77! is parallelisable implying that the pullback of its
tangent bundle is trivial. Thus we get that T (f) and X7(9) are cobordant submanifolds of
M x T™1 and by intersecting them with M x {0} (making the cobordism transverse to it) we
get that ilr(f) and X7 (f) N M x {0} are cobordant in M.

Now a trivial observation is that if £ is a smooth vector bundle over a closed manifold M and

01,...,0 and 71,..., 7. are two collections of sections, both in general position, then the zero
T T

sets () o; 1(0) and () 7, 1(0) are cobordant submanifolds of M. This cobordism is oriented if
i=1 i=1

M and £ are oriented and ¢ is of even rank. Theorem 2’ will follow if we substitute for £ the
normal bundle v; of an immersion lift j: M & N x R of the prim map f and use the following
two lemmas:

Lemma 1. If f: M — N is a prim map and j: M % N x R is its immersion lift, then for
any r there are sections o1, ...,0, (in general position) of v; (the normal bundle of j) such that
. T
er(f) is the set () o; (0).

i=1
Lemma 2. Ifj: M & QX P" is an immersion where the composition g := prg, oj is generic and

the pullback bundle j* pry TP is trivial, then there are sections 11,...,7, (in general position)
T

of vj such that X7 (g) is the set () 7, *(0).2
i=1

1=

To see that Lemma 2 holds, note that
JT(@Qx P) = pry TQ@®e” = TM ©v;

(where " again denotes the trivial r-plane bundle) and the standard coordinate vectors in &”
yield sections €1, ..., &, of TM @ v;. Then letting 7; be the projection of €; to the normal bundle

2Note that we apply lemma 2 in the proof of theorem 2’ with the (strange) substitution P" = P"~1 x R.
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vj gives the sections of v; with the desired property since ¥"(g) is the set of points p € M
where the whole summand €"|, < 7*(T(Q x P))|, is in the tangent space T, M. (Throughout the
paper we tacitly identify the normal bundle of a submanifold with the orthogonal complement
of its tangent bundle and suppose that the projection to the normal bundle is the orthogonal
projection.)

Lemma 1 has been proved in [Sz00, proof of lemma 2], for the reader’s convenience we briefly
recall the idea here. We apply Lemma 2 with Q = N and P = R to obtain o1 := 1 = pr,, oe
where ¢ := g7 is the constant vector field on N x R defined by the positive basis of R, hence
we have o7 (0) = X(f). Now X(f) is a submanifold of M of codimension k + 1; we denote its
normal bundle in M by v; and observe that the tangent spaces of o at the points of 3(f) form
the graph of a pointwise linear isomorphism ¢;: v1 — vj[s(f). The composition ¢; o pr,, oc is
a section of vj[x () which vanishes precisely at LLL(f), hence if we define o9 as an arbitrary
extension of this section to the whole M, then we obtain o, *(0) N o5 (0) = B1(f). By further
applying the same method, we obtain the sections o3, ..., o, with the desired property. [

Proof of Theorem 3. We will prove the following, which implies Theorem 3 analogously to
how Theorem 2’ implied Theorem 2.

Theorem 3°. If f: M™ — N"t* is a twisted prim map where M is closed and N is of the
form QnF—r+1 5 PT=1 such that the composition g := prg of is generic and the pullback bundle
f*prp TP is trivial, further, M and N are oriented, k is odd and r is even, then the homology

classes 2[§1T(f)], 2[E7(g)] € H.(M;Z) coincide.

To prove Theorem 3’ let £ — M be a line bundle with £|5s) = kerdf, let g: M — M be its
S% bundle and put f := foqand §:= goq. Now we have ker df = q*kerdf = q*é\g(f) which is
trivial, hence the map f : M — N is prim and so by Theorem 2’ the submanifolds ilr( f) and
" (g) are cobordant in M. In particular we have

57 ()] = [¥(9)) € Ha(M; 2).

The map ¢ is a double cover, hence for each component C' of ilr( f) or ¥7(g), the homology

class q.[¢g~1C] is a multiple of [C] by either 0 or 2. Since we also have ilr(f) = q’lflr(f) and
¥7(g) = ¢ '¥"(g), it is sufficient to prove that q.[¢~'C] is always 2[C], or, in other words, the

orientation gained on the simplices of DR (f) (resp. ¥7(§)) from the map f (resp. §) is the same

as the one gained from lifting the orientation of the simplices of ilr(f) (resp. £"(g)).
T
Now the orientation gained from f (resp. §) is the same as the natural orientation of (] o; *(0)
i=1

for r generic sections oy, ...,0, of v; where j: M — N x R is an immersion lift of f. These
sections are (resp. the first of these sections is) obtained from the standard unit vector field on
N x R whose pullback to 3( f ) is kerd f which extends to M as ¢*¢. This means that for each
point p € M, the two fibres of ¢*¢|,-1, are trivialised by vectors whose projections to ¢, are
opposite. Thus for a small neighbourhood U C M of the point p € M the two local sections are
each other’s opposite, i.e. if the two components of ¢~ U are Uy, Us C M and p: Vj|01 — 1/j|02
is the natural isomorphism, the section ¢ o 0;|, is —0|g, for all i (vesp. for i = 1). But since
the codimension % is odd, the rank of v; is even, hence the multiplication by —1 does not change
the (local) orientation of the zero locus of the section. This is what we wanted. O

The proofs of the corollaries we will be based on the following;:

Lemma 3. Let f: M" — N"tE be o generic T-map where T is a set of singularities, let
f: M xR — N be a de-suspension of f and suppose that n(k) and 9(k — 1) are singulari-
ties for which the Thom polynomials Tp, | and Tpy,_y) ewist where o stands for SO if M
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and N are oriented and nothing otherwise. If the singular loci n(f) and 9(f) are such that for

some numbers a,b we have a[fj(f)] = b[I(f) N M x {0}] in H.(M;Z) in the oriented case and in
H.(M;Zs) otherwise, then we have

aTpy gy (f) = TPy (f)-

Proof. This is trivial since the homology classes [7(f)] and [0(f) N M x {0}] are dual to the
cohomology classes Tp, ) (f) and Tpy(,_;(f) respectively. O

Proof of Corollary 1. Theorem 1 and Lemma 3 imply that for all cusp maps f: M™ — Ntk
we have Tpsi, 1) (f) = Tpse(r_1)(f) and if k is odd and M and N are oriented, then the same
with integral Thom polynomials. However, this already proves that the same holds for any
generic map f: M™ — N™t*_Indeed, for generic maps new singularities can occur compared to
the case of cusp maps but these new singularities have large codimensions (greater than 2k + 3)
hence they do not interfere with cohomologies in the codimension of the cusp singularity :!2 (k)
(which is 2k + 2). This is because for any 7 the codimension of the singularity X'~ (k) is 7(k + 1)
and the codimension of X" (k) is r(k + 7). An alternative construction of Kazarian spaces gives
them by gluing together disk bundles of vector bundles corresponding to singularities where
the rank of each vector bundle is the codimension of the singularity it corresponds to; see e.g.
[FRO4], [Sz08]. This implies that the embedding of the Kazarian space K¢, of the singularity set
{20(k), 210(k), 211O0(k)} (where o again denotes SO or nothing in the oriented and non-oriented
cases respectively) into K2, =: B (which is BSO and BO in the oriented and non-oriented
cases respectively) is such that the additional cells of B are all of dimension at least 2k + 4.
Thus we have H'(B) = H'(K,,) for i < 2k + 2 with any coefficient group which means that
Tpglz,(k)\cusp € H2k+2(K§usp) corresponds isomorphically to the element Tp%12(k) € H*+2(B).
(Note that this also means that the integral Thom polynomial Tp%?2 (k) €xists even for non-Morin
maps.)

But the fact that for all maps f: M™ — N™™ we have TpSu, ) (f) = TpS2(_1)(f) is
equivalent to saying that for any manifold M and any map v: M — B the pullbacks V*Tpozlz(k)
and V*TpOE2( k—1) coincide. Since the space B is the direct limit of the sequence of Grassmannian
manifolds, this can only be if the cohomology classes Tps1, () and Tpgz(,_1) are also the same.
|

Proof of Corollary 2. From Theorem 2 and Lemma 3 we obtain for any prim map
f:M™ — N"tF the equality Tpsu, 5)(f) = Tpsr(x_ry1)(f) and if & is odd, r is even and
M and N are oriented, then the same with integer Thom polynomials. The fact that this co-
homology class equals wy11(v;)" in the non-oriented and p o8] (v;)% in the oriented case follows

from Lemma 1 (note that v; = v; @ e'). Indeed, the Poincaré dual of the zero set o; *(0) of a

generic section o; of v; is the Euler class e(v;), hence that of the intersection fr] o 1(0) is e(v;)"
which is wg41(v;)" modulo 2 and Prs (vj)% if v; is oriented and k is odd aHE; is even. [
Proof of Corollary 3. This is immediate from Theorem 3 and Lemma 3. O

It is left for us to prove Theorem 4 for which we will need:

Lemma 4 (Kazarian [Ka]). If f: M™ — N"** s a Morin map, then the normal bundle of
the singular set X(f) in M is stably isomorphic to kerdf ® vylsyy and if i: X(f) — M is the
embedding, then for any r > 0 the pushforward i (wy(ker df)") is witr4+1(Vy).

Proof. Let v be the normal bundle of X(f) C M and let g: PT'M — M be the projectivisation
of the tangent bundle of M and «prjs the tautological line bundle over PT M. Consider the
restriction of the bundle g over the singular set, i.e. ¢ *X(f) — X(f). Associating to each point
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p € X(f) the line kerdf, < T'M defines a section s: (f) — ¢~ '3(f) of this bundle. Note
that kerdf = s*yprar. If vs denotes the normal bundle of s(X(f)) in PT'M, then we have
vs = ¢*v @ ker dq|5(s(f)), hence the vector bundle ¢*v is stably isomorphic to v, © ker dg|s(s(f))-
On the other hand the differential df defines a map of the line bundle vpras to ¢* f*T'N, i.e. a
section of the bundle

Hom(ypram, " f*TN) = yprm @ " f*T'N.

The zero locus of this section is precisely s(X(f)), hence the normal bundle v is isomorphic
to the restriction of yprar ® ¢* f*T'N to s(X(f)). Finally, observe that the tangent space of a
projective space is isomorphic to the space of homomorphisms of the tautological line bundle to
its orthogonal complement. Applying this observation fibrewise to the bundle ker dg — PT M we
obtain that ker dq is yprar ® (¢*T M /~yprar) which is stably isomorphic to yprar ® ¢*TM © gl.
Putting all of the above observations together we obtain

v s"q'v = T (vs © kerdglss(p))) = s (vprm © ¢ fTN S kerdg) =
>~ s* (vprm @ ¢ f*TN © (yprm @ ¢*TM © ")) 2 s*(yprm ® vy de')
%kerdf®l/f|g(f) ®el.

To compute the image of wy(ker df)” under 7, note that the pushforward sy (wy (ker df)") is
w1 (yprar)” times the cohomology class represented by s(X(f)) in PT'M. This latter cohomology
class is Wy 4k (Yprar @q* f*T'N) since the submanifold representing it is the zero locus of a section
of this bundle. We also know the pushforward image ¢ (wi(yprar)"), it is the normal Stiefel-
Whitney class W, _p+1(M) (see e.g. [Da74]), hence we have

n+k
iy (wy(ker df)") = qis1 (wy (ker df)") = ¢ <w1(7PTM)T Z w1 ('VPTM)iwn-ﬁ—k—i(q*f*TN))
=0

n+k+r )
=q ( > wl('YPTM)an-i-k-i-r—i(q*f*TN))
i=r
k+r+1
= > W(TM)wyri1-i(f*TN) = wgprpa (vy).

1=r—m-+1

This is what we wanted. [

Proof of Theorem 4. For simplicity of notation, let £ denote the line bundle ker df (which is
now only defined over 3(f)) and denote for all » > 1 by v, the normal bundle of the singular
locus &7 (f) in 71 (f) (noting that = °(f) = M) and by i, the embedding &' (f) < M. The
following will be analogous to the proof of lemma 1.

Taking for all points p € X(f) the projection of the line ¢|, < T,M to the normal space v,
defines a section oy of the bundle Hom(f, 1) 2 ¢ ® v;. Observe that the vanishing locus o5 *(0)
is X11(f) which is a submanifold in X(f) of codimension k + 1 with normal bundle v and note
that the tangent spaces of oy at the points of X!(f) form the graph of a pointwise isomorphism
la: Vg =5 L ® V1|21,1(f). The projection of 8\21,1(” to vo composed with 1o gives a section of
the bundle Hom(/, £ ® v1)|s1.1(p) = vi|g11() which vanishes precisely at LLLI(F)] hence if o3
is an arbitrary extension of this section to the whole ¥(f), then we get that L%11(f) is the
intersection o5 *(0) N o3 *(0) where o9 is a section of £ ® vy and o3 is a section of v;. Further
iterating this method produces the sequence o9, 03, ... where each term of even (resp. odd) index

is a section of the bundle ¢ ® vy (resp. v1) such that for any r we have flr(f) = N o; *(0).
i=1

Thus the dual cohomology class represented by ilr( f) in the submanifold ¥(f) € M is
e( @ vy)t3le(r)I3171 where by lemma 4 we have v; = { ® vy © ¢!, hence £ @ v; = v; © (
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(not denoting the restriction of vy to 3(f) for simplicity). Note that over 3(f) the expression
vy @ ¢ can be considered as a genuine rank-(k + 1) vector bundle, not just a stable one. Hence
the modulo 2 Euler classes e(¢ ® 1) and e(v1) are wii1(vf @ £) = wit1(vy) + w1 (€)wi(vy) and
wi+1 (¢ ® vy) respectively. We claim that the latter coincides with wyy1(vy). Indeed, another
expansion of wy41(vy @ {) is

Wit 1 (€®(€®1/f@51)) = w1 (@ vy)+wi (€ Zwl wk (L®vy)

= wp1(E®@vy) + wl(«@)wk(l/f)a
hence wi41 (¢ @ vr) is w1 (vy & €) + w1 (€)wy(vy) = wi41(vy). Thus we have

Tpsyi, () (f) = (i1)r ((wk+1(Vf) + wy (O)wy(vy)) L2 wkﬂ(yf)(%]—l)

r—1
which is the pushforward by i; of (wy41(vy)? +w1(€)wk+1(yf)wk(yf)) > if r is odd and of
(Wi1(vy) + w1 (Owi(vy)) (Wrg1 (vf)? + w1 (Owps1 (vp)wr(vy))® " if r is even. Note that since
the stable vector bundle vy @ £ has as a representative the rank-(k + 1) bundle v;, we have
0 = wrpa(vy &) = wrpa(vy) & wi(Q)wpy1(vy), ie. wl(Z)wkH(Vf) = wyy2(vf). Hence by
Lemma 4 we get that the cohomology class Tpy, () (f) is

r—1

Wi (vf) (whar (vf)? + wiepa (vp)wi(vy)) 2

if 7 is odd and (w41 (vf)? + wk+2(z/f)wk(uf))g if 7 is even.
Let us now turn to the case where k is odd, r is even and M and N are oriented. Then
Y(f) C M is generally not a cooriented submanifold but X%!(f) € M is. The dual cohomology

class represented by flr( f) in BLL(f) is well-defined with Z coefficients; it is the Euler class
power e({ ® v; ®v1)? ! (again we suppress the restriction of vy and £ to X! (f) for notational
simplicity). Note that it is sufficient to prove that the double 2Tp%9r(k)( f) of the cohomology
class represented by s (f)is 2prss (vf) 2. Indeed, if this holds, then the difference of Tp%cl)r(k) (f)
. 2
and prs1(vy)? is an element of second order which is determined by the modulo 2 restrictions of
2

this Thom polynomial and Pontryagin class; these are Tpyu, 1)(f) and wy41(vy)" respectively
which implies our formula. Thus we first want to determine the double of an Euler class for
which we can use:

Lemma 5. If g: M — M is a double cover of an oriented manifold M and & is an oriented
vector bundle over M, then we have qig*e(§) = 2e(€).

Lemma 5 simply follows from the fact that if o is a generic section of &, then ¢*e(€) is the
Poincaré dual of the zero locus of the section & of ¢*¢ induced from o and for each simplex A of
o~ 1(0), the preimage ¢~ A is two simplices of 51(0) with the same orientation, hence we have
g+~ A = 2A.

We use lemma 5 with ¢ = (5 — 1) ({ ® v1 ® 11) and g: M — M the S°bundle of £. This
bundle £ is indeed orientable since the rank of v is k + 1 which is even, hence we have

w1(€® V1 D 1/1) = (k + 1)w1(€) + 2w1(V1) = 0.
Noting that ¢*(¢ ® v1) coincides with ¢*v; this yields that we have
5-1 I - r
2e({@v1 B ry) —26((2 1>(€®V1®V1> q;e(( ) U@v) Bq” ul))
= ael(r = 2"(68 1)) = 2e((r = 2)(S01) = 262D w1~
:2p%(€®1/1) —2p V(v @02 = 2paga (vy) 2
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Thus the double of the oriented Thom polynomial evaluated on the map f is
2T052, (1) () = (i2): (2082 ()5 1) = 202 ) Twns (gypga ()

where Is1.1(y) is the fundamental class of the manifold X1 (f). But 2(i2)1151.1(y) is the double
of the Thom polynomial Tp%?2 (k) evaluated on the map f which, by [Sz00], is 2p 251 (v¢). This
concludes the proof. [

5. OPEN QUESTIONS AND CONCLUDING REMARKS

The investigations in the present paper can be seen as working on the following (quite vague)
problem:

Question. For which classes of smooth maps f and which numbers r do the cohomology classes
Tpsir ) (f) and Tpsr_pq1)(f) (or their oriented analogues) coincide? When is such a coinci-
dence of Thom polynomials explained by a cobordism, bordism or other more geometric equiva-
lence of the respective singular loci?

For r = 1 the (closures of the) singular loci in question coincide by definition for any f. For
r = 2 the coincidence also holds for any f and the second question above in this case is the
question of Fehér. We answered it in theorem 1 by an embedded cobordism in the case when f is
a cusp map. Although this already explains the coincidence of Thom polynomials, it is natural
to ask the following:

Question. Does theorem 1 remain true if we replace the word “cusp” by “Morin” in it? Is there
a similar equivalence (which is stronger than homology) of the ¥'2-locus of a generic map f and
the X2-locus of its de-suspension?

By a “stronger equivalence” here we mean any geometric equivalence of the singular loci

noting that for a general map f with de-suspension f the closures ' (f) and fQ( f) are not
manifolds, hence we cannot talk about usual cobordism for them. Instead, we could ask for
example whether they are cobordant as defective embeddings in some generalisation of the sense
of Rost (see e.g. [Ros87]).

Remark. Such a stronger equivalence could also explain the fact that not only the Thom poly-
nomials but even the avoiding ideals of the singularities ¥!2(k) and %2(k — 1) coincide, that
is, the kernels of the restriction homomorphisms H*(BO;Zs) — H*(K{sok) s1.0(k)}; Z2) and
H*(BO;Zy) — H*(K{xo(k—1),51(k—1)}; Z2) which were computed in [Te09] and [Pr88] respec-
tively.

On another line, Theorem 2 and Corollary 2 answer the first set of questions above in the case
when f is prim and Theorem 3 and Corollary 3 give a partial answer when f is twisted prim.
We conjecture that in Theorem 3 and Corollary 3 the factors 2 can be omitted, more concretely,
we pose the following:

Conjecture. If f: M™ — N™t* is a twisted prim map where M is closed and k > r — 1 and
f: M xR = N is a de-suspension of f, then the submanifolds ilr(f) and X7 (f) N M x {0}
of M are cobordant as embedded submanifolds in M. This cobordism is oriented if M and N are
oriented and the codimension k is odd and r is even.

We can consider a stronger version of twisted prim maps: we say that a map f: M — N
is strongly twisted prim if there is a line bundle ¢ over N (instead of M) such that kerdf is
J*l]s:(f)- Then a similar consideration as the one implying that a Morin map with trivial kernel
line bundle is prim, yields that there is an immersion j from M to the total space of ¢ which
is a lift of f. For these strongly twisted prim maps, Lemmas 1 and 2 may extend using some
modification of the normal bundle v; instead of v;, thus giving a proof of the above conjecture
in this case.
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Remark. If the conjecture above is true, then we get obstructions for the existence of twisted
prim maps: the Thom polynomials szlr(k.) |Morin and Tp%?,‘( k) |Morin Were computed in Theorem
4 while the Thom polynomials Tpyr;_,4q) and Tp%ﬁ)(k,ﬂrl) are known from the Giambelli—

Thom-Porteous formula and Ronga’s computation [Ro71].
The obstructions coming from this conjecture are the equalities Tps1, () (f) = TPsr(p—pi1)(f)

and Tp%?r(k)(f) = Tpg(r)(k_rﬂ)(f) for twisted prim maps f.

Remark. A principle of Kazarian in [Ka] says that when considering Thom polynomials of
Morin maps, one can assume that they are, in our terminology, strongly twisted prim; that is,
if a Thom polynomial formula holds for strongly twisted prim maps, then it is likely to hold
for any Morin map. If Kazarian’s principle also holds for the statement of the above conjecture,
then we would get the same obstructions for the existence of general Morin maps which would
uncover possible hidden relations in the avoiding ideal of %2(k). We note that an example for
this principle is theorem 4: the formulae there can be proved for strongly twisted prim maps
using the same ideas in a somewhat simpler way than for general Morin maps (in particular,
there is no need to use lemma 4). But the actual proof we gave above shows that these ideas
work for all Morin maps.

Lastly we note that lemmas 1, 2 and 3 also hold in the complex setting, hence the analogue
of theorem 2 and corollary 2 for holomorphic prim maps is true as well. As we remarked in
the introduction, the analogue of theorem 4 is also true for holomorphic Morin maps, it was
formulated and proved in [Ka]. However, the proofs of theorems 1 and 3 do not go through for
holomorphic maps (and the analogue of corollary 1 is not even true). Another line of investigation
would be to try proving or disproving every statement in this paper for holomorphic maps instead
of smooth maps, but, as it is usual with holomorphic problems, many smooth topological methods
(e.g. relying on generic perturbations) would not work then.

APPENDIX: COMPUTATIONAL DETAILS IN THE PROOF OF THEOREM 1

In appropriate local coordinate systems around the points of ¥!2(f) and their images, the
map f has the form (p,t) — f(p) + to(p) where for simplicity we use the same letters for the
maps written in local coordinates as for the original maps. Here f: R” — R™t* can be chosen
as the normal form of the cusp singularity in these dimensions and o: R” — R™** maps a
point p € X(f) to the vector %(p) projected to the orthogonal complement of im df, where ¢
generates the subspace ker df,.

The local form of cusp from n-dimensional space to (n+ k)-dimensional is the (n— 2k — 2)-fold

suspension of the prototype of the k-codimensional cusp which is, using [Mo65], given by

f: ('rlv"'7x2k7yaz7517"'asn—Qk—Q) — (X17"'7X2k+1;Y17"'aYk7Z7Sh"'aSn—2k—2)

Xog41 =y,
Y, = zwo; 1 + 225621'7
Z =zy+ 23,
SZ' = S;
where
(x,9,2,8) = (T1,- -, Toks Yy 2, S1y - - » Sn—2k—2)
and

(X7KZa S) = (Xla s 7X2k+17Y17 s 7Yk7Za Slv o 7Sn—2k—2)
are the coordinates in R” and R"** respectively and with a slight abuse of notation we also use
the latter as the coordinate functions of f. Its derivative is
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x ) z s
= —_——
1
1
X
1
1
1
d _ [z 22] x1 + 2229
f(x,y,z,s) =
Y
[z 22} Top_1 + 22Tk
z { z Y+ 322
1
S
1

where empty spaces mean 0 terms (this is a convention we will also use in the following). Hence
Y(f) is given by the equations xa;_; = —22x9; and y = —322 and here ker df is generated by
the z-coordinate vector in R™ and im df is generated by the vectors

u17"-auk+17vla-"7vk7w17'-';wn72]€72)
where we have
X[ 1|} xein . X[ 1|} xa
— i}X2k+1 —
u=v| 2}y (i<k), wgi=vy and v; = v<| 2% [} v
2 g 2.
{ | {
s s

and w; is the S;-coordinate vector in R"**. Now the second intrinsic derivative defining the
section o is the projection of the vector

X {
23;‘2
d?f Y
dz? 2ok
z{|l 6z
|
to the orthogonal complement of the subspace generated by uq, ..., ug+1,01,...,0; (since it is

already orthogonal to the vectors w;). Although this only defines o restricted to 3(f), we may
assume that the same formula gives o on a neighbourhood of it as well. To compute this formula,
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we first project v; to the orthogonal complement of u; for all ¢ which yields

3
x *1_7_22 }X2i71
1 }X2'i
o (wi,vi)
Vi = U — T2 U; = 22
Tl “ = | 2 v
z{
o

U} is a pairwise orthogonal basis for the subspace generated by

and now uq,...,Ukt+1,01,-.
UL,y ..., Ukt1,V1,--., V. Hence we have
k+1 d2 ko~ d2
-~ L -3 el
dz? Huzll2 — HU \|2 "

2, 3 v
whose ng 1, X2, Xop41,Y; and Z coordinates (for i < k) are —1f§§fz4 , —211’;2" ,— fﬁzz, 1+2Z€ﬁz4
and 1+ 2. respectively. Thus the map f: R"T! — R™t* defined by f(p,t) := f(p) + to(p) is of
the form

~: 1y« L2ky Yy <991, cyOn—2k—2, ~17'~'7 ~2k+17 ~17"'7 ~k:7 ~7 ~1;"'7 ~n72k72
f:(z Tog, Yy 2, S s t) = (X X Y Y, Z, S S, )
~ QtZ.IQi
Koy = 91 — i < 2K),
2i—1 2i—1 1+22+Z4 ( —= )
~ 2tZ2£L'22'
X2i:$2i—71+22,
~ 6t2°
Xogs1 =y — :
2k+1 =Y 1+ 22
~ 2txo;
o ) 2 ) 27
i = 2T2i—1 + 27T + 14221 4
6tz

27

Z=z 23
y+ +14—2’

S':Si

N

and so its derivative df at (z,y, z, s, t)
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x Y z s t
! ” N = - e N L Y
1 oy 2twq(22432%—1) _ 2zag
1+22+424 (14224242 1+22424
0 1 222 __Atzzg _2z212
1422 (1+22)2 1422
X - : - - -
1 T togy (224324 -1 __2z3gy
1422424 (142242%)2 1422424
0 1 222 _ Atzwop 22225,
1422 (1422)2 1422
1 _6t22(z243) _ 6:8
(1+22)2 1422
2 2t t(142?) 219
|:Z =+ 1+z2+z4:| @1+ 2222 (1 (11221242 T+22+42%
Y
: 224 2t » 1 2se 1 t(1+22) 229,
1422124 2k—1 2k (1+22+29)2 1+22+24
z . v+ 322 4 80==% 62
(1422)2 1422
1
s
1

Now we need that the map df: R"*' — Hom(R"+!, R"t¥) is transverse to the subspace
Y2(R™+ R"+F) consisting of corank-2 homomorphisms. The normal space of L2(R"+!1 R"+F)
in Hom(R"*!, R"**) at a point : R**! — R*** is Hom(ker ¢, coker ¢); we want to show that
the projection of the image of d(d f)p to this subspace is surjective for all points

p € (df)H(Z2RMLRM)) = 22(f).

The singular locus X2(f) is the subspace (z,y,z) = (0,0,0) in R"*! and for any point
p € im df’|22(f) the subspace Hom (ker ¢, coker ¢) < Hom(R"+1 R"**) is generated by the co-
ordinate vectors corresponding to yY7,...,yYy,yZ,tY1,...,tYy,tZ using the notation that for
each coordinate g of R*™! and @Q of R*"* we denote by ¢Q the corresponding coordinate of
Hom(R™! R"**). It is not hard to see that every such coordinate vector is indeed in the image

of d(df)(o,o,o,s,t) projected to it (for any s,t), namely in the partial derivatives d(df) (0,0,0,s,t),

dro;—1

d(dij)(0,0,0, 8,t), dd(jf) (0,0,0,s,t) and %j)(0,0,0,S,t) respectively the coordinate yY;, yZ, tY;
and tZ is non-zero and all other coordinates of this subspace are 0. This is what we wanted to

show.
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