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SOME NOTES ON THE EULER OBSTRUCTION OF A FUNCTION

NICOLAS DUTERTRE AND NIVALDO G. GRULHA JR.

ABSTRACT. In this paper, we present an alternative proof of the Brasselet, Massey, Parameswaran
and Seade formula for the Euler obstruction of a function [5] using Ebeling and Gusein-Zade’s
results on the radial index and the Euler obstruction of 1-forms [11].

1. INTRODUCTION

Let (X,0) C (CV,0) be an equidimensional reduced complex analytic germ. The Euler
obstruction Euyx(0) was defined by MacPherson [20] as a tool to prove the conjecture about
existence and unicity of Chern classes in the singular case. Since that the Euler obstruction has
been deeply investigated by many authors as Brasselet, Schwartz, Seade, Sebastiani, Gonzalez-
Sprinberg, Lé, Teissier, Sabbah, Dubson, Kato and others. For an overview about the Euler
obstruction see [2, 3].

In [4] a Lefschetz type formula for the Euler obstruction was given by Brasselet, Lé and Seade.
This formula relates the Euler obstruction Eux (0) to the topology of the Milnor fibre of a generic
linear form ! : (X,0) — (C,0). It shows that the Euler obstruction, as a constructible function,
satisfies the Euler condition relatively to generic linear forms (Theorem 2.3).

In [5], the authors studied how far the equality given in the above theorem is from being true
if we replace the generic linear form [ with some other analytic function on X with at most an
isolated stratified critical point at 0. For this, they defined the Euler obstruction Euy x (0) of a
function f on a complex analytic variety X, which can be seen as a generalization of the Milnor
number, and they established a Lefschetz type formula for this new invariant (Theorem 2.5).

The definition of the Euler obstruction of a function was extended by Ebeling and Gusein-
Zade in [11] to the case of complex 1-forms. When the 1-form is the differential of a holomorphic
function f, they recovered the Euler obstruction of the function (up to sign). They also define the
radial index of a 1-form, which is a generalization to the singular case of the classical Poincaré-
Hopf index. Then they established relations between the local Euler obstruction of a 1-form, the
radial index and Euler characteristics of complex links.

In this paper, we use the results of Ebeling and Gusein-Zade to give an alternative proof of
the Brasselet, Massey, Parameswaran and Seade formula for the Euler obstruction of a function
(Theorem 2.5).

The main idea of the original proof of Theorem 2.5 was to construct a vector field that
combines all the properties needed to prove the result, essentially using Poincaré-Hopf type
theorems. Let us say some words about our proof, which uses combinatorial techniques and is a
less extensive and less constructive proof than the original one in [5]. We first give an expression
of the Euler obstruction of a 1-form in terms of the radial indices of this form on the closures
of the strata of X and Euler characteristics of complex links (this relation appears first in [11],
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Corollary 1, with a different proof). As a corollary, we obtain a formula for Euy (0) — Euy, x (0)
in terms of Euler characteristics of complex links and the Euler characteristics of the Milnor
fibre of f on the closures of the stata of X. Then we use the addivity of the Euler characteristic
to get a relation between Euy x(0) and the Euler characteristics of the Milnor fibres of f on the
strata of X.
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2. THE EULER OBSTRUCTION
Let us now introduce some objects in order to define the Euler obstruction.

Let (X,0) C (CV,0) be an equidimensional reduced complex analytic germ of dimension d in
an open set U C CV. We consider a complex analytic Whitney stratification {V;} of U adapted
to X and we assume that {0} is a stratum. We choose a small representative of (X,0) such that
0 belongs to the closure of all the strata. We denote it by X and we write X = U_;V; where
Vo = {0} and V; = X,¢g, the set of smooth points of X. We assume that the strata Vo, ..., Vo1
are connected and that the analytic sets Vp,...,V,_1 are reduced. We set d; = dimV; for
i €{l,...,q} (note that d, = d).

Let G(d, N) denote the Grassmanian of complex d-planes in CV. On the regular part Xieg Of
X the Gauss map ¢ : Xyee = U X G(d, N) is well defined by ¢(z) = (2, Ty (Xieg))-

Definition 2.1. The Nash transformation (or Nash blow-up) X of X is the closure of the image
Im(¢) in U x G(d, N). It is a (usually singular) complex analytic space endowed with an analytic

projection map v : X — X which is a biholomorphism away from v~1(Sing(X)) .

The fiber of the tautological bundle 7 over G(d, N), at the point P € G(d, N), is the set of
vectors v in the d-plane P. We still denote by 7 the corresponding trivial extension bundle over
U x G(d,N). Let T be the restriction of T to X, with projection map 7. The bundle Ton X
is called the Nash bundle of X.

Let us recall the original definition of the Euler obstruction, due to MacPherson [20]. Let
z = (21,...,2n) be local coordinates in CV around {0}, such that z;(0) = 0. We denote by B.
and S the ball and the sphere centered at {0} and of radius e in CV. Let us consider the norm
|z]l = V2121 + - + zxyzZn. Then the differential form w = d||z||? defines a section of the real
vector bundle T(CV)*, cotangent bundle on C¥. Its pull-back restricted to X becomes a section

of the dual bundle 7* which we denote by w. For ¢ small enough, the section w is nonzero
over v~1(z) for 0 < ||z|| < e. The obstruction to extend & as a nonzero section of T* from
v=1(5.) to v~ (B.), denoted by Obs(T*,&) lies in H2¥(v~1(B.),v~1(5.); Z). Let us denote by
O,-1(B.)v-1(s.) the orientation class in Haq(v™(Be), v 1(S.); Z).

Definition 2.2. The local Euler obstruction of X at 0 is the evaluation of Obs(f*,[&) on
OV—I(BE),Vfl(gs), .e.:
Eux (0) = (0bs(T™,w), Op-1(B.),v-1(5.))-

An equivalent definition of the Euler obstruction was given by Brasselet and Schwartz in the
context of vector fields [6].

The idea of studying the FEuler obstruction using hyperplane sections appears in the works of
Dubson [8] and Kato [13], but the approach we follow here comes from [4, 5].
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Theorem 2.3 ([4]). Let (X,0) and {V;} be given as before, then for each generic linear form I,
there is €g such that for any € with 0 < € < gg and § # 0 sufficiently small, the Euler obstruction
of (X,0) is equal to:

Eux (0 ZX i N BNI7H(0)) - Bux (Vi),

where x denotes the Fuler-Poincaré chamcterzstic, Eux (V;) is the value of the Euler obstruction
of X at any point of Vi, i=1,...,q, and 0 < |0] < e < 1.

We define now an invariant introduced by Brasselet, Massey, Parameswaran and Seade in
[5], which measures in a way how far the equality given in Theorem 2.3 is from being true if
we replace the generic linear form [ with some other function on X with at most an isolated
stratified critical point at 0. Let f : X — C be a holomorphic function which is the restriction of
a holomorphic function F': U — C. A point x in X is a critical point of f if it is a critical point
of Fjy(g), where V() is the stratum containing . We assume that f has an isolated singularity
(or an isolated critical point) at 0, i.e. that f has no critical point in a punctured neighborhood
of 0 in X. In order to define this new invariant, the authors constructed in [5] a stratified vector
field on X, denoted by Vx f. This vector field is homotopic to VF|x and one has Vx f(z) # 0
unless z = 0. B _

Let f be the lifting of Vx f as a section of the Nash bundle 7' over X without singularity
over (X NS.). Let O() € H* (v~ (X N B.),r (X N S:)) be the obstruction cocycle to

the extension of 6 as a nowhere zero section of T inside v~ 1 X N B.).

Definition 2.4. The local Euler obstruction Euy x(0) is the evaluation of O(C) on the funda-
mental class of the pair (v~(X N B),v~1(X N S.)).

The following result is the Brasselet, Massey, Parameswaran and Seade formula [5] that
compares the Euler obstruction of the space X with that of a function on X.

Theorem 2.5. Let (X,0) and {V;} be given as before and let f : (X,0) — (C,0) be a function
with an isolated singularity at 0. For 0 < || < ¢ < 1 we have:

q
Eux (0) - Buy x(0) = (Z X(Vin BN f71(9)) - Eux<w>> :

In this paper, we present an alternative proof for this result using Ebeling and Gusein-Zade’s
work [11] . In order to do this, let us consider the Nash bundle T on X. The corresponding dual

bundles of complex and real 1-forms are denoted, respectively, by T* — X and T]R - X.

Definition 2.6. Let (X,0) and {V,} be given as before. Let w be a (real or complex) 1-form on
X, i.e. a continuous section of either TiCN|x or T*CN|x. A singularity of w in the stratified
sense means a point x where the kernel of w contains the tangent space of the corresponding
stratum.

This means that the pull-back of the form to V,, vanishes at x. Given a section 7 of Tﬂif(CN |a,
A C V, there is a canonical way of constructing a section 77 of fﬁu, A =v71A, such that if n
has an isolated singularity at the point 0 € X (in the stratified sense), then we have a never-zero
section 7 of the dual Nash bundle Ty over v~ 1(S. N X) C X. Let

o(n) € H** (v Y(B.NnX), v (5. N X); Z)

be the cohomology class of the obstruction cycle to extend this to a section of T]{g over v~ H(B. N X).
Then we can define (c.f. [7]):
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Definition 2.7. The local Fuler obstruction of the real differential form n at an isolated singu-
larity is the integer Eux o n obtained by evaluating the obstruction cohomology class o(n) on the
orientation fundamental cycle [v=1(B. N X),v=1(S. N X)].

In the complex case, one can perform the same construction, using the corresponding complex
bundles. If w is a complex differential form, section of 7*C¥|4 with an isolated singularity, one
can define the local Euler obstruction Euy g w. Notice that, as explained in [7] p.151, it is equal
to the local Euler obstruction of its real part up to sign:

Euxow = (—l)dEuX,oRe w.

This is an immediate consequence of the relation between the Chern classes of a complex vector
bundle and those of its dual. Remark also that when we consider the differential of a function
f, we have the following equality (see [11]):

d
EuX70 df = (—1) EUf’X(O).
3. THE COMPLEX LINK, RADIAL INDEX AND EULER OBSTRUCTION

In this section, we recall the definition of the complex link and of the radial index. We also
present a formula of Ebeling and Gusein-Zade which expresses the radial index of a 1-form in
terms of Euler characteristics of complex links and Euler obstructions.

The complex link is an important object in the study of the topology of complex analytic
sets. It is analogous to the Milnor fibre and was studied first in [15]. It plays a crucial role
in complex stratified Morse theory (see [12]) and appears in general bouquet theorems for the
Milnor fibre of a function with isolated singularity (see [16, 17, 22, 23]). It is related to the
multiplicity of polar varieties and also the local Euler obstruction (see [8, 9, 18, 19]). Let us
recall briefly its definition. Let M be a complex analytic manifold equipped with a Riemannian
metric and let Y C M be a complex analytic variety equipped with a Whitney stratification.
Let V be a stratum of Y and let p be a point in V. Let N be a complex analytic submanifold
of M which meets V transversally at the single point p. By choosing local coordinates on IV, in
some neighborhood of p we can assume that N is an Euclidian space C*.

Definition 3.1. The complex link of V in Y is the set denoted by lk(C(V7 Y) and defined as
follows:

KV, Y) =Y NNNB.NI"Y(6),
where | : N — C is a generic linear form and 0 < |0] < ¢ < 1.

The fact that the complex link of a stratum is well-defined, i.e. independent of all the choices
made to define it, is explained in [19, 9, 12]. Tt is also independent of the embedding of the
analytic variety Y (see [19]).

In [11], Ebeling and Gusein-Zade established relations between the local Euler obstruction
of a 1-form, its radial index and Euler characteristics of complex links. The radial index is a
generalization to the singular case of the Poincaré-Hopf index.

This index for 1-forms is a natural extension of the equivalent notion for vector fields, a notion
first introduced by King and Trotman in a 1995 preprint only recently published [14] and then
studied by Ebeling and Gusein-Zade in [10] and by Aguilar, Seade and Verjovsky in [1].

In order to define this index, let us consider first the real case. Let Z C R™ be a closed
subanalytic set equipped with a Whitney stratification {S, }oca. Let w be a continuous 1-form
defined on R™. We say that a point P in Z is a zero (or a singular point) of w on Z if it is a
zero of w|g, where S is the stratum that contains P. In the sequel, we define the radial index of
w at P, when P is an isolated zero of w on Z. We can assume that P = 0 and we denote by Sy
the stratum that contains 0.
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Definition 3.2. A 1-form w is radial on Z at 0 if, for an arbitrary non-trivial subanalytic arc
¢ [0,v[= Z of class C', the value of the form w on the tangent vector ¢(t) is positive for t
small enough.

Let € > 0 be small enough so that in the closed ball B, the 1-form has no singular points
on Z \ {0}. Let Sp,...,S, be the strata that contain 0 in their closure. Following Ebeling and
Gusein-Zade, there exists a 1-form @ on R™ such that:

(1) The 1-form @ coincides with the 1-form w on a neighborhood of S..

(2) The 1-form @ is radial on Z at the origin.

(3) In a neighborhood of each zero @ € ZN B\ {0}, Q € S;, dim S; = k, the 1-form & looks
as follows. There exists a local subanalytic diffeomorphism h : (R™,R¥,0) — (R™, S;, Q)
such that h*@w = mjw, + m5We where m; and 7 are the natural projections m; : R" — Rk
and my : R® — R"*_ @ is a 1-form on a neighborhood of 0 in R* with an isolated zero
at the origin and @y is a radial 1-form on R™~* at 0.

Definition 3.3. The radial index indﬂé0 w of the 1-form w on Z at 0 is the sum:

T
1+Z Z indPH(a}vQ7Si)7
1=0 Ql@|s, (Q)=0
where indpy (@, Q, S;) is the Poincaré-Hopf index of the form &g, at Q and where the sum is
taken over all zeros of the 1-form & on (Z \ {0}) N B.. If 0 is not a zero of w on Z, we put
indﬂé’0 w = 0.

A straightforward corollary of this definition is that the radial index satisfies the law of
conservation of number (see Remark 9.4.6 in [7] or the remark before Proposition 1 in [11]).

Let us go back to the complex case. As in Section 2, (X,0) C (CV,0) is an equidimensional
reduced complex analytic germ of dimension d in an open set U C CV. Let w be a complex
1-form on U with an isolated singular point on X at the origin.

Definition 3.4. The complex radial index ind%0 w of the complex 1-form w on X at the origin
is (—1)? times the index of the real 1-form given by the real part of w.

Let us write n; = (—1)4-%~! (X(lkC(Vi,X)) - 1), where {V;} is the Whitney stratification

of (X,0) considered before. In particular for an open stratum V; of X, lkC(Vi, X) is empty and
so n; = 1. Let us define the Euler obstruction Euyy w to be equal to 1 for a zero-dimensional
connected variety Y. Under this conditions Ebeling and Gusein-Zade proved in [11] the following
result which relates the radial index of a 1-form to Euler obstructions.

Theorem 3.5. Let (X,0) C (CV,0) be the germ of a reduced complexr analytic space at the
origin, with a Whitney stratification {Vi}, ¢ = 0,...,q, where Vo = {0} and V; is the regular
part of X. Then:

q
ind(f,:g0 w= an -Eug o w.
1=0
4. COROLLARIES OF THEOREM 3.5 AND ALTERNATIVE PROOF OF THEOREM 2.5

In this section, we give some corollaries of Theorem 3.5, among them an alternative proof of
Theorem 2.5.

As in the previous sections, (X,0) C (CV,0) is an equidimensional reduced complex analytic
germ of dimension d in an open set U, equipped with a Whitney stratification {V;} such that 0
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belongs to the closure of all the strata. We write X = UL V; where Vp = {0} and V, = X,¢,.
We assume that the strata Vp,...,V,_1 are connected and that the analytic sets Vo, ... ,K
are reduced. We set d; = dimV; for ¢ € {1,...,¢}. Let f : X — C be a holomorphic function
which is the restriction of a holomorphic function F' : U — C. We assume that f has an isolated
singularity at 0.

Let us see what happens when we apply Theorem 3.5 to the form ) Zidz;. Let us consider

21,2%2,...,2N) as complex coordinates o , where z, = u + v —1vg. is implies tha
1 dinates of CV, wh V-1 This implies that
u1,v1,...,UN,VN) are real coordinates o . Let w be a 1-form define w= Zrdzy, 1
( ) 1 dinates of R2N. Let w be a 1-f defined by Yok Zkdzy, it
means that:
= Z(uk — v —1vg)(duy, + vV —1dvy),
k

and so that:

w = Z(ukduk + vgdvg) + VvV — Z updvg — vidug).

k
In this case, the real 1-form Re w = > (ugduy +vidvy) is a radial 1-form, and indﬂ;o Rew =1.
Since indg,0 w= (fl)dind]i,o Re w, we find that:
ind()C(’0 w= (—1)dindﬂ§;70 Re w = (—1)%
As it was remarked before,
Euxow= (—1)dEuX70 Re w.

Using this information and the definition of n; given in Section 3, we have the next equality:
niBuy o w = (—1)?% ! (X(lkc(m,X)) - 1) (=1)%Euy-(0).

Therefore, by Theorem 3.5 we conclude that:

(~1)! = (-1)? [i (1 X(KE(Vi, X)) ) Bug-(0) + EUX(O)] ,

=0

and so we arrive to the following lemma:

Lemma 4.1. We have:
(1) Euy (0 —1+Z( (< m,x)—1) Euy-(0).

When we apply Theorem 3.5 to the form df , we obtain a similar result for the Euler obstruction
of the function f.

Lemma 4.2. We have:
q

L-x(f ' @) NXNnB) =Y (1 — x(KE(V;, X))) Eu, 1-(0).

i=0
Proof. On the one hand, applying Theorem 3.5 to the form df, we have:
q
ind% o df = > niBup, df = (~1)% 4! (X(lkC(Vi,X)) — 1) (~1)“Eu, -(0).
i=0
On the other hand, by Theorem 3 of [11] we have:

ind% o df = (1)’ (1= x(f7' )N X N B.)).
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It follows that:

L-X(f'O)NXNB) =3 (1 - X(lkc(w,x))) Eu, -(0).

i=0
[l
Before stating the next result, let us set By x(0) = Eux(0) — Euy x(0).
Corollary 4.3. We have:
q
XN XN B =3 (1= x(KE(Vi, X)) ) By :(0).
i=0
Proof. By the previous lemma, we have the following equation:
q—1
(2) Buyx(0) = 1= X(/ {0 N X N B.) + Y (x(K(V, X)) = 1) Buy 7(0).
i=0
By the difference (1) — (2) we arrive at:
qg—1
(8)  Brx(0)=x(/ 1O N XN B+ Y (WK (Vi X)) ~ 1) B, 5:(0).
i=0
Hence we find:
q
XSO NX 0B =3 (1= x(KE(Vi, X)) ) By :(0).
i=0
O

In [11, Corollary 1], Ebeling and Gusein-Zade give an “inverse” of the formula of Theorem
3.5. They use combinatorial theory (Mobius inverse). In the sequel, we give an inductive proof
of that result. Let us recall the notations of [11]. The strata V; of X are partially ordered:
Vi < V; (we shall write ¢ < j) if V; C W and V; # Vj. For two strata V; and V; with V; X V;
(we shall write i < j), let N;; be the normal slice of the variety V; to the stratum V; at a point
of it and let M y,; be the complex link of V; in Vj. We denote x(Z) — 1 by X(Z). For i < j, let
m;; be defined as follows:

mij = (—1)dm X-dim Ve Z X(My Ny, ) X(Miy,
ko< < k=]

and let us set m;; = 1.

Corollary 4.4. Let w be a complex 1-form with an isolated zero on X at the origin. We have:

q
Euxow= Zmiq ~ind%0 w.
i=0
Proof. This is clearly true if dim X = 0. Let us assume that dim X = d > 1 and prove the result
by induction on the depth of the stratification. The first step is to consider the case when X has
an isolated singularity at the origin. In this case, the stratification will be {Vi = {0}, Vi = X,eg}
and
no = (=) (x (kS (Vo, X) — 1) = (=)' x(Mi o, )
Euxow=1,n; =1 and Euﬁ,o w = BEux o w. Applying Theorem 3.5, we get:

ind([):(,O w = (*1)d71Y(Ml\N01) + Eux o w,
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and so:
Eux’o w = ind%o w + (—l)dY(Ml‘Nm).
This is exactly the expected formula because ind(‘c,mo w=1and mo1 = (—1)"x(M|n, )-

Let us prove the general case. By the induction hypothesis, for each k& € {0,...,d — 1}, we
have:

j | ViCVi
But we know by Theorem 3.5 that:
d—1
Euxow= ind%o w— Z ng - Euﬁ,o w.
k=0

Replacing Euy:- ) w by its above value, we obtain:

d—1
.. aC . .C .. 4C
Euxow=indyxw— g N dek,o w+ E M .1nd7]70 w
k=0 J | ViCovie

We see that each indvj’O(C w appears in each term

. 1C . .C
N 1nd7k70 w+ E M -mdvj,0 wl,
i Vicovi

for which V; C Vi. Therefore we can write:

d—1
E =ind$, w—) inds 4 K
ux,0 W = X,0 w V5,0 w | 1y mik - Nk
7=0 k| V;CoVi

Let us examine A; =n; + ), | v, covy Mk * M- We have:

Aj = (-1 Ix(My )+

Z ((_1)dk—dj—1 Z X(M”ngkl) .. 'Y(Ml\Nk,,,lkr) % (_1)d—dk—1y(Ml|qu)).

k| V;CoVi j=ko=<--<kr.=k
Therefore, we see that:

Aj = (=) %5 (My,, )+

Z (—l)d_dj_l Z Y(Ml‘Nkokl) o 'X(M”Nkrk

k| Vjcavk j=ko<-<krp1=¢q

)|

41

ie. Aj = —mj,. We get the desired result. O

When we apply this to the form w = > Zrdzi, we get:

Bux(0)=Y Y XMy, ) XMy, ) (%)

i=0 i=ko~<---<kr=q
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This formula is still valid if V # {0}. In this case, we can introduce the stratum V_; = {0}.
The above formula becomes:

q
EuX(O) = Z Z Y(MHN’%M)”.Y(Ml‘Nkr—lkr)'
i=—11i=ko<-<kr=q

But since generically the linear form [ has no singularity at 0 on Vy, the Milnor fibre M, Vi of

1:V, — C is contractible for k > 0, which implies that X(MllN,lk) =0 for k> 0.
Applied to the form df, Corollary 4.4 gives:

Busx(0) ==Y X(Mpy) > X(Myn,,,,) - X(Miw, ), (%)
1=0

where My g denotes the Milnor fibre of f : Vi = C, because Euy x(0) = (—1)?Eux, df and
indg- o df = (=1 Ix(My ;).
We are now in position to give the alternative proof of Theorem 2.5.

Proof. Using the two equalities () and () above, we find:

q

Eux(0) —BEusx(0) =Y x(Mye) Y. X(Myn,,,) - X(Myn, _,,.)-

i=0 i=ko=-<kr=q
By the additivity of the Euler characteristic, for each i € {0,...,q} we have:
XMp) = Y x(Mypp,).
Jv;cvs

Therefore, we have:

q
Eux (O) o Euf’X(O) = Z Z X(Mflvj) Z X(M”ngkl) o 'Y(MllNkrilkr)'
=0 \j |V;CV; i=ko<-<kr=q

As in the proof of the previous corollary, we see that each x (M flvj) appears in an expression

> X (Mg > x(Myy,,,) XMy, ),

j |VJCW i=ko<--<kr=q
when V; C V;. We can factorize X(Mfwj) in the above equality and get:

q

Eux (0) = Eugx(0) =Y x(Msp) | > > X(Myy,,,) XMy, )

7=0 i |‘/jcvi7;:k0'<“"<kr:q

But by the equality (%) and the remark that follows it, we see that:

Z Z Y(M”Nkoh)”'Y(M”N’wflkr)’

i |V;CV; i=ko<-<kr=q

is exactly Eux (V}). O
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